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Introduction
Consider a standard real-valued Brownian motion W on an interval.

Theorem (Conditional expectation of Brownian motion)
For0<s<t, we have

u—=s
E[Wy | Ws, W] = WS+I—-WM, Yuels,t].
)

]
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Question

Are there better discrete approximations of W than piecewise linear?
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Introduction

The next simplest approximant would be the piecewise polynomial.

This was explored to an extent by Grebenkov, Belyaev and Jones in
their 2015 paper “A multiscale guide to Brownian motion” (see [1]).

However they only prove the following theorem from [2] when n < 2.

Theorem (Brownian motion as a polynomial with added noise)

Consider a standard Brownian motion W over the unit interval [0,1].
Let W™ be the unique n-th degree polynomial with a root at 0 and

1 1
f udeL’f:f ukdw,, for k=0,1,---,n—1.
0 0

Then W=W"+Z", where Z" is a centred Gaussian process that is
independent of W™,
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Introduction

0.9 1 —Brownian path

——Polynomial approximation (degree = 7)
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Introduction

In fact, we will be proving a stronger (and more useful) result which
is a “polynomial” Karhunen-Loéve theorem for the Brownian bridge.

To achieve this, let B denote the standard Brownian bridge on [0, 1]
and consider the Borel measure u given by

b1
ula, b) ::f dx, for all open intervals (a,b) < [0,1].
a x(1—x)

It's also worth mentioning that B is a square u-integrable process as

1 1 1 1
E B> d ]:/[E By)?| d =/ 1-3)- ds=1.
UO (Bs)~ dp(s) | [(By)?] dp(s) | s(1-9) g%
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Main result

Theorem (A Karhunen-Loéve theorem for the Brownian bridge)

There exists a family of polynomials {ey} ., with deg(ex) = k+1 and

1
.[0 eiejd,uzéij,
such that
(e.9)
B= Z Ikek,
k=1

where {I;.} denotes the collection of independent centered Gaussian
random variables with

! ex(t)
I := B;- dt,
k fo T

and
1

Var(I) = R D)
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Proof of main result

As with the standard argument, we define an integral operator from
the Brownian bridge's covariance function Kg(s, ) := min(s, t) — st.

Tx : L*(10,1], 1) — L2 ([0,1], 1),
1
(Tx f)(2) 1=f0 Kp(s, 1) f(s) du(s).
Since Tk is continuous, we can apply Mercer's theorem for kernels.

This tells us that there is an orthonormal set {e;}i=1 of L?([0,1], D)
consisting of eigenfunctions for Tx and the associated sequence of
eigenvalues {A}r=1 is non-negative [3]. Moreover, any eigenfunction
with non-zero eigenvalue is continuous and Kp can be expressed as

Kg(s,0) = ) Arer(s)er(1). (1)
k=1
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Proof of main result
The main part is showing each ey is a polynomial with degree k+1.

I min(s, t) — st
Trey = /lek — Mek(s)ds — Akek(t)
0 s(I-19)

F1—t L

:>f —ek(s)ds+f —er(s)ds = Arer(t)
o 1-s r S
t -1 11

:[ —ek(s)ds+f —er(s)ds = Agel (1)
o 1-s r S

= —ie (t)—le (1) = A€y (D)
1= %k 7 Cr(t) = Akerll).

So the eigenfunction ey satisfies the following differential equation:

Arel(t) = - ex(n). (2)

1
t(1-1)
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Proof of main result
For x €0, 1], we define the function
(1
Vie(x) := € 5(1 +x)|.
It can be shown from (2) that yj satisfies the differential equation:
2\ M ! 1
(1-x7) yl(x) —2xy,.(x) + A—yk(x) =0.
k
Remarkably, this is the Legendre differential equation. It now follows

from classical theory that Aik =k(k+1) and yy is proportional to the
k-th Legendre polynomial.

So ey is a (normalised) shifted Jacobi polynomial with degree k+ 1.
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Proof of main result

The result then follows from (1) and the orthogonality of {ex}. [

Similar to the standard Brownian bridge Karhunen-Loéve theorem,
we can show {ex} is an optimal orthonormal basis of L?([0,1],u) for
approximating B by truncated series expansions with respect to the
following weighted L2(P) norm:

1
1 X2 ) = \/[E UO (X,)? du(s)] :

where X is a square u-integrable process.
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A decomposition of Brownian motion

Brownian motion is expressible as a sum of orthogonal polynomials

with independent weights that capture specific features of the path.

/an A B / h
/.‘/mf/‘” y’" — W[ X P - + ]1 X // \\\
/- \ N\ /\
+ Iy X gﬁ + I3 x —\ﬁ/—

+

Each weight is a sum of iterated time integrals of Brownian motion.
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Asymptotic analysis of the error processes

This polynomial approximation was independently obtained in [4].

Moreover, it was shown that the variance of the error process for
the N-th degree polynomial approximation converges to zero at a
rate of O(%) and approaches the semicircle ﬁ\/ t(I-1) in profile.

«103 Nearly semicircular variance profile (N = 20)
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A Brownian polynomial (degree = 100)
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These polynomials are straightforward to implement using Chebfun!

www.chebfun.org/examples/stats/RandomPolynomials.html
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Brownian polynomials (degree = 2)

For developing numerical methods, we will use the below definitions:

Definitions
The standard Brownian parabola W denote the unique quadratic
polynomial on [0, 1] with a root at 0 and that satisfies the following:

1 1
W, =W, f Wudu:f Wudu
0 0

The standard Brownian arch is the Gaussian process Z:= W —W.
By the main theorem, Z is centered and has the covariance function

K7 (s,t) =min(s, 1) —st—3st(1-s)(1-1), for s t€][0,1].

Fastiany +
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Brownian polynomials (degree = 2)

Definitions (continued)

The rescaled space-time Lévy area of Brownian motion on [s, ] is
HS, . f Ws, Ws, du

where h=t—s5s. As e;(t) = V611 — 1), we see Hy, is equal to ‘[

in the main result. So Hy;~ N (0, 112 h) and is independent of Ws,t.

[] = hHs,

Wi
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Applications to SDEs
Consider the (Stratonovich) stochastic differential equation given by
dy: = folyddt+ fi(y)odWy, (3)
Yo=¢,
where the f;:R% — R? denote smooth bounded vector fields on R?.

In order to simulate the above SDE on [0, T], one typically samples
the Brownian path over a uniform partition Ay ={fy < f; <--- < tn}.

Question
What is the best pathwise approximation of (3) that is measurable
with respect to a discretization of the driving Brownian motion W?

Possible Answer

= [E[J’t |J’0y Wity » He iy, for k€ [0 -1] ]
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Applications to SDEs

Question

Can we derive high order numerical methods for approximating y*7
In order to answer this, we consider the stochastic Taylor expansion:

Ve=Vs+ oy h+ A W+ (- ) W2, + (- ) W3, (4)

ffodw,,du+ ffdvodwu ()R + ()W,
ffIOdWrOdW,,du+ fffociwr vodW,
t u v 5
-)fffdrodW,,oqu+O(hi),
N N N

where (--+) denote terms involving fo, fi as well as their derivatives.

16 /30



Applications to SDEs

Thus approximating y* is likely to require the following expectations

tpupv

[E[f f f odWrodW,du|Ws;, H
s Jds Js
tpupv

[E[f f f odW,dvodW, Ws,t»Hs,t
s Jds Js

t pu prv
[E[/ [ f drOdWUoqu WS,I)HS,I .
§ JS JS

Deriving explicit formulae for the above could lead to improvements

for high order numerical methods (such as those proposed in [5, 6]).

By expressing the Brownian motion W as a (random) parabola plus
independent noise, it is possible to obtain these integral estimators!
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Applications to SDEs
Theorem (Conditional expectation of a Brownian time integral)

t 1 6 1
E f Wgudu|Ws,t,Hs,t :ghWSZyt+th,tHs,,+th§’t+_hz.
N

15

Proof.

By the natural Brownian scaling, it is enough to prove this on [0, 1].

1 1
[EU W,fdu|W1,H1]:[E f (Wu+zu)2du|ws,t,Hs,t]
0 0

1 1 1
:f ’W,fdu+2f Wu[E[Zu]du+[ E[Z2] du
0 0 0
1 2 1
:f (uW1+6u(1—u)H1) du+2f W,-0du
0 0

1
+f u—u?-3u*(1-w’du.
0

The result now follows by evaluating the above integrals. O
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Numerical example: IGBM

We shall demonstrate the effectiveness of these integral estimators
by discretizing Inhomogeneous Geometric Brownian Motion (IGBM)

dy:=a(b-y;) dt+oydW;, (5)

where a,b =0 are mean reversion parameters and ¢ is the volatility.

IGBM is an example of a short rate model and has seen attention
recently in the literature as an alternative to popular models [7, 8].

Due to smooth vector fields, we can write (5) in Stratonovich form:

dytZd(l}—y,)dt+Uyt0th, (6)

where @ := a+%02 and b:= ziizz denote the “adjusted” parameters.
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Numerical example: IGBM

0.12 A

0.06

Sample paths of IGBM computed with a=0.1, b=0.04 and ¢ =0.6.
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Numerical example: IGBM

1. Log-ODE method (this is designed using the integral estimators)

yloe ._ Y’loge—dhww,k_

Tk+1
k+1 " "

3 1 e_dh+UW‘kvtk+1 _ 1
+abh (1 N (gHZ h))

+— — .
ol =307 )| —ah+oWy, q.,

2. Parabola-ODE method with 3-point Gauss-Legendre quadrature

7788

Y]fj;a = e_ﬁh+UWfk'flc+1 (Y]?ara +ab

1 ~ —
ea(s—tk)—aW,k,S ds) .
Iy

3. Piecewise linear method
e—[lh+UW[k,,k+1 -1

—ah+ O-Wtk»tlﬁl

Y,'Cifl = Y,'Ci“e_dhwwfk"ku + abh
4. Milstein method

with positive part taken if necessary.
5. Euler-Maruyama method

21/30



Numerical example: IGBM

We examine the strong and weak convergence using the estimators:

Sy = \/[E [(vw = ey’

By := [E[(Yn=b)" | E[(f" - b)"]

)

where the expectations are approximated by Monte-Carlo simulation
and Yf"® denotes the numerical solution of (6) obtained at time T

using the log-ODE method with a “fine” step size of min(%’ﬁlt;())'

We will compute both Yy and Y}i"e using the same Brownian paths.

The experiment shall use the same parameter values as [7], namely
a=0.1, b=0.04, 0 =0.6 and y5=0.06. The end time will be T =5.
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Numerical example: IGBM

8
# Log-ODE method
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Figure: Sy computed with 100,000 sample paths using a step size h= .
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Numerical example: IGBM
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Figure: Eny computed with 500,000 sample paths using a step size h = %
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Numerical example: IGBM

Table: Estimated times for computing 100,000 sample paths that achieve
a specified accuracy using a single-threaded C++ program on a desktop.

Log-ODE | Parabola| Linear | Milstein| Euler
Estimated time to achieve | 0.179 0.405 1.47 154 | 0.437
an accuracy of Sy =10"* (s) (s) (s) (s) (days)
Estimated time to achieve | 0.827 3.90 14.8 157 61.2
an accuracy of Sy =107° (s) (s) (s) (s) (days)

The above times were estimated from the graph and following table:

Table: Simulation times to compute 100,000 sample paths, with 100 steps
for each path, by a single-threaded C++ program on a desktop computer.

Log-ODE

Parabola

Linear

Milstein

Euler

Computation time (s) 2.44

2.95

1.48

1.18

1.17
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Conclusion and future work

We have shown that Brownian motion can be expressed as a random
polynomial (defined using certain integrals) plus independent noise.

By developing a state-of-the-art discretization of the IGBM process,
we have demonstrated this result has applications in SDE numerics.

Furthermore, this research naturally leads to various open questions:

* Can we find more explicit eigenfunctions for Brownian motion?

(e.g. by using w(x) =x or w(x) = % with Kw (s, £) = min(s, 1))

* What are the most efficient Runge-Kutta methods for general
SDEs which correctly use the new estimator for triple integrals?

* Do the polynomials give optimal approximations for Lévy area?
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Thank you
for your attention!



References |

[1]

2]

[3]

[4]

D. S. Grebenkov, D. Belyaev and P. W. Jones, A multiscale
guide to Brownian motion, Journal of Physics A, Volume 49,
2015.

J. Foster, T. Lyons and H. Oberhauser, An optimal polynomial
approximation of Brownian motion, arXiv:1904.06998, 20109.
Version accepted by the SIAM Journal on Numerical Analysis
can be found at the Oxford University Research Archive (ORA)

C. Carmeli, A. De Vito, and E. Toigo, Vector valued
reproducing kernel Hilbert spaces of integrable functions and

Mercer theorem, Analysis and Applications, Volume 4, 2006.

K. Habermann, A semicircle law and decorrelation phenomena
for iterated Kolmogorov loops, arXiv:1904.11484, 2019.

28 /30


http://arxiv.org/abs/1904.06998
http://arxiv.org/abs/1904.11484

References |l

[5]

[o]

[7]

[8]

F. Castell and J. G. Gaines, The ordinary differential equation
approach to asymptotically efficient schemes for solution of
stochastic differential equations, Annales de I'Institut Henri
Poincaré, Volume 32, 1996.

S. J. A. Malham and A. Wiese, Stochastic Lie group
integrators, Siam Journal on Scientific Computing, Volume 30,
2008.

L. Capriotti, Y. Jiang and G. Shaimerdenova, Approximation
Methods for Inhomogeneous Geometric Brownian Motion,
International Journal of Theoretical and Applied Finance,
Volume 22, 2019.

B. Zhao, C. Yan and S. Hodges, Three One-Factor Processes
for Option Pricing with a Mean-Reverting Underlying: The
Case of VIX, Financial Review, Volume 54, 20109.

20 /30



	Introduction
	Main result
	Proof of main result
	A decomposition of Brownian motion
	Asymptotic analysis of the error processes
	Brownian polynomials
	Applications to SDEs
	Numerical example
	Conclusion and future work
	Thank you for your attention
	References

